Jonathan Weinberger

jww Ulrik Buchholtz
TU Darmstadt, Germany
Februar 26, 2021

CMU HoTT Graduate Student Workshop 2021
The Internet

«O0>» «F>r «=)» « =)

DA


https://cmu-hott.github.io/workshop2021.html

Q Overview
e Synthetic co-categories
e Cocartesian families

(@ Yoneda Lemma for cocartesian families

(8 References

«O» «Fr «

it
i
v

it
S
o
i)



0 Overview

2

Synthetic co-categories
3

Cocartesian families
4

Yoneda Lemma for cocartesian families
5) References

«O>» «F»r «

DA



Outline Overview Synthetic co-categories Cocartesian families Yoneda Lemma for cocartesian families References
o oe 0000000 00000000 0000000000000000 000

Overview

o Goal: A Yoneda Lemma for presheaves of oco-categories, in type theory

o What is an co-category? “Some kind of object where directed arrows can be composed
weakly.”

o Setting: co-categories in HoTT? Work in Riehl-Shulman’s simplicial HoTT so
oo-categories become definable internally (basic objects are simplicial types; also
suggested by Joyal)

o Result: Define fibered co-categories and prove fibered Yoneda Lemma a la Riehl—Verity,
Street, Riehl-Shulman (discrete case).

o Interpretation: Yoneda Lemma as directed arrow induction principle.
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Foundations: Synthetic (oo, 1)-categories a la Riehl-Shulman |

Simplicial type theory, introduced by Riehl-Shulman [RS17], as an extension of HoTT
(cf. cubical type theory):

@ n-dimensional directed cubes (cube layer): Lawvere theory generated by cube I:
L,LEx ... 07, ..

@ Subpolytopes of n-cubes (tope layer): Coherent (without 3) intuitionistic theory of
formulas in cube contexts with strict equality judgments =, and inequality < on |
@ Import into ordinary HoTT (shape layer): Shape = Cube together with a tope. Types
can depend on shapes.
I cube t:IF ¢ptope

{t: I| ¢}shape
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Some important shapes:
Al

A2 (0,1) (1,1)
A
00— 1 (0, 0)
ON? (0,1)
/ T
(0,0)

(1,0)
(0,1)

(1,1)
(0,0) —— (1,0)
AV ={t: 1| Ty, AZ:={{t,s):Ix1|s<t}
ON* ={t: PP |t=svs=0Vvt=1}, Af:={{ts):1*|(s 0)v(t=1)} _
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Foundations: Synthetic (oo, 1)-categories a la Riehl-Shulman IlI

As a main feature, STT provides extension types (after Lumsdaine—Shulman), i.e. for shape
inclusions ® — W, families P : ¥ — U/, and partial sections o : H P(t) there exists the type of

. t:P
sections
P o 25 P
[1P® >é
<t:‘ll o I // a

judgmentally extending a. If 7 : (T],.q P(t)|7), then 7]o = 0.
An axiom is added to ensure the extension types are homotopically well-behaved.

Furthermore, we can coerce shapes to be fibrant, and we can prove that weak/homotopical
extensions can always be strictified, i.e. we have an equivalence

f>: Z H (ax = fx).

il w11y Al@) (z:1]0)

<H(x:1|¢) A(z)
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Foundations: Synthetic (oo, 1)-categories a la Riehl-Shulman 1V

Definition (Hom types, [RS17])
Let B be a type. Fix terms a,b : B. The type of arrows in B from a to b is the extension type

hompg(a,b) := (a = b) := <A1 — B ﬁﬁ’w'

Definition (Dependent hom types, [RS17])

Let P : B — U be family. Fix an arrow u : hompg(a, b) in B and points d : P a, e : Pb in the
fibers. The type of arrows in P overu from d to e is the extension type

dhomp,,(d,e) := (d =L e) = <Ht:A1 P(u(t))’ﬁﬁw .

Similarly for 2-simplices or other shapes.
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Foundations: Synthetic (oo, 1)-categories a la Riehl-Shulman V

Definition (Synthetic co-categories, [RS17])

o Synthetic co-precategory aka Segal type: type A such that (A? — A) = (A2 — A)
(Joyal).
o Synthetic co-category aka Rezk type: type A such that
idtoiso4 : H Ida(z,y) — isoa(z,y).
z,y:A
o Synthetic co-groupoid aka discrete type: type A such that
idtoarr 4 : H Ida(z,y) — homa(z,y).
z,y:A
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Foundations: Synthetic (oo, 1)-categories a la Riehl-Shulman VI

Segal types are synthetic co-precategories, i.e. types with weak composition of morphisms:

)

isSegal(B) ~ H isContr (<A2 — B

/{:Af%B

In particular, they do have categorical structure (associative composition of morphisms,
identites, and the corresponding laws).
Maps between Segal types are automatically functors (cf. [RS17]).
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An arrow f : e —, ¢ overu :
property:

b — V' is cocartesian if it satisfies the following universal

g = fill;(h)

«O0>» <Fr «=)Hr» «=)>»

DA



Outline Overview Synthetic co-categories Cocartesian families Yoneda Lemma for cocartesian families
[e] (e} 0000000 00000000 000000000000 0000

Cocartesian arrows Il

Fix a map between Rezk types.

Proposition
@ Being a cocartesian arrow is a proposition.
@ Cocartesian lifts are unique up to homotopy.

Proposition

Letf:e—¢e andg:e — e’ be arrows in E. Then the following statements hold:
@ If f, g are cocartesian then so is gf (closedness under composition).
@ If f and gf are cocartesian then so is g (right cancelation).
@ Cocartesian lifts of identity morphisms are identity morphisms.
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Cocartesian families
Definition (Cocartesian family)
cocartesian family if:

Let B be a Rezk type and P : B — U be a family such that Pis a Rezk type. Then Pis a

b,b/:B u:b—b' e:Pbe’:Pb fie—, e’

hasCocartLifts P := H H H Z Z isCocartArrp f
e

Notation:

DA



reindexing/pullback, . ..

FxFE
3

E

EXm

™

Cocartesian families (resp., fibrations) are closed under: composition, products,
F

B

Ax B

]
™

J*E~Y P(jc) ———— E~> P(b)
c:C

b:B
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a ————b
*

Cocartesian families are functorial w.r.t. arrows in the base:

ey
with u.(d) := 1 P« (u,d). The induced functors are natural in the sense that
for v : homp(b, ).

Pa —~— Pb
(ida)* = idPaa

(VU) 5 = ViU

(vu)w=viux
P U =
1 Pa
B

Pb

~
(=l
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Example: Codomain family

IS}

A\

B

arrtop

arrtop(b) := Z homp(a,b)
a:B
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Example: Codomain family

B
s

arrtop

~

arrtop(b) := Z hompg(a,b)
a:B
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The classical Yoneda Lemma

The Classical Yoneda Lemma' is a fundamental principle in category theory: Let C be a small
category. Then, given a functor F' : C — Set, for any I : C, the following induced map is a
(natural) bijection:

Nat(YI,F) = F(I),

@~ pr(idy)
Here, Y I denotes the Yoneda Functor

Y/ :C — Set,
YI(X) :=homc (I, X),
YI(f:X = X'):=(fo—: home(I, X) — home: (I, X))

Tcovariant version
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The copresheaves have associated projections

F~) F(X

ol

I1C~ homc(I,X)
X:C
l
C C
F:C — Set
The evaluation map becomes a fiberwise map
1)C —> F

Y7:C - Set
(
N

X:C

] home (1, X) — F( I1 Fowu
u:I|C
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The classical Yoneda Lemma, fibrationally I
Then the Yoneda Lemma reads:
HisEquiv( I1 Fow 5" F(I))

I:C u:I[C

In the context of synthetic oo-categories this has been proven by Riehl-Shulman for the

discrete case, i.e. functorial families of co-groupoids. What about functorial families of
oo-categories, i.e. cocartesian families? The desired statement is:

Theorem (Yoneda Lemma for cocartesian families, [RV21], Thm. 5.7.3)

Let P : B — U be a cocartesian family over a Rezk type B. Then:

cocart
HisEquiV( H P(d1u) iy P(b ))

b:B w:blB
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b:B

It is necessary to restrict to cocartesian sections. A section o : H Pb is cocartesian if for any
arrow u : b — b’ in B the induced arrow o : b —,, ob’ is cocartesian.
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Proof of the Yoneda Lemma |
Definition (Initial element)
Let B be atype. Aterm b : B is initial if

H isContr(hompg (b, a)).
a:B
For = : B, we denote the homotopically uniquely determined map by 0, : b — =
Step 1: Define a map in the converse direction:

y
117
B

Pb

evy

yd = Ax.(0;).(d)

DA



Geometrically the map y acts as follows:

d Py (0,d)
Step 2:

yd(z)

The mapy : Pb — H P is valued in cocartesian sections, i.e. :
B

u:B

H isCocartArrp((yd)u)
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transformation of functors B — FE:

cst(d) =—=— yd

d

For d : P b, consider the constant map cst(d) := Az.d : B — E. Define a natural

Xa ' =Ps(0z,d)
—t—

ydz

«O0>» <Fr «=)Hr» «=)>»
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Proof of the Yoneda Lemma IV

Proof (contd).
Given z,z’ : B, for any arrow u : hompg(z, '), consider the naturality square induced by the

action of x on u:
%Xf\w\) %LX*

By right cancelation, y(d, v) must be a cocartesian arrow. O
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Proof of the Yoneda Lemma V

We can thus restrict to:

cocart K\

P Pb
R

evy
Step 3:
Proposition ([RV21], Thm 5.7.13; discrete case: [RS17], Thm. 9.7)
Let B be a Rezk type, b : B an initial object, and P : B — U a cocartesian family. Then

evaluation at b given by

cocart

evy T := H P— Pb
B

is an equivalence.

References
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Proof of the Yoneda Lemma VI

Proof.

We do a round trip using y. One direction is clear since cocartesian lifts of identities are
themselves identites: ev,(yd) = yd(b) = (idp)«d = d.

For the other direction, we want to define a natural transformation

e:(yoevy,=idy) ~ H (y(ob)(z) — o(x)).

o:T
x:B
Let e, ., be the following filler:
o(z)
0'(01_) 4‘\50 .
a(b) y(o(b), )



Proof of the Yoneda Lemma VII
Proof (contd).
Now ¢ is cocartesian by assumption:

o(x)
o(0z)
o(b) /

P.(0,0(b)) y

@.1}
b ———— =«
By right cancelation, ¢, , must be cocartesian as well.

DA



Proof of the Yoneda Lemma VIlI
Proof (contd).
Now ¢ is cocartesian by assumption:

o(x)
o(0z)
o(b) /

Eo,x

P.(0,0(b)) Y(a(

b
L —
By right cancelation, ¢, , must be cocartesian as well.

); )
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Proof of the Yoneda Lemma IX
Proof (cont'd).
Now o is cocartesian by assumption:
o(z)

W ~te, .

a(b) P00 y(o(b),x)

0.7,‘

b —mm «x

By right cancelation, €, , must be cocartesian as well. But then it is a cocartesian arrow over
an identity, hence itself an identity.

O
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Proof of the Yoneda Lemma X

Step 4 (final): First note:
Lemma ([RS17], Lem. 9.8)

Let B be a Segal type. For any term b : B, the identity morphismidy : b | B is an initial object.

Proof.
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Proof of the Yoneda Lemma XI

As corollaries:
Theorem (Dependent Yoneda Lemma and Yoneda Lemma ([RV21], Thm. 5.7.2 & Thm. 5.7.3))

@ Dependent Yoneda Lemma: Let B be a Rezk type, b : B anyterm,and @ :b| B - U a
cocartesian family. Then evaluation at idy, is an equivalence:

cocart

evid, : H QS Q(idp)

blB

@ Yoneda Lemma: Let B be a Rezk type, b : B any term, and P : B — U a cocartesian
family. Then evaluation at id; as in

cocart
evia,: [ 9iP > Pb
blB

is an equivalence, where 0, : b | B — B.



1) Overview

2

3

Synthetic co-categories

Cocartesian families
4

Yoneda Lemma for cocartesian families
(@ References

«O>» «F»r «

DA



Outline Overview Synthetic co-categories Cocartesian families Yoneda Lemma for cocartesian families References
o] (e} 0000000 00000000 000000000000 0000 0eo

References

P. B. de Brito (2016): Segal objects and the Grothendieck construction
arXiv:1605.00706

D. Kazhdan, Y. Varshavsky (2014): Yoneda Lemma for complete Segal spaces.
Funct Anal Its Appl 48, 81-106 (2014). doi:10.1007/s10688-014-0050-3

N. Rasekh (2017): Yoneda Lemma for Simplicial Spaces
arXiv:1711.03160

E. Riehl, M. Shulman (2017): A type theory for synthetic co-categories
Higher Structures 1, no. 1, 147-—224.

E. Riehl, D. Verity (2021): Elements of co-Category Theory
Book as PDF

R. Street (1974): Fibrations and Yoneda’s lemma in a 2-category
In: Kelly G.M. (eds) Category Seminar. Lecture Notes in Mathematics, vol 420. Springer,
Berlin, Heidelberg. doi:10.1007/BFb0063102

) & & & =


https://arxiv.org/abs/arXiv:1605.00706
https://doi.org/10.1007/s10688-014-0050-3
https://arxiv.org/abs/1711.03160
https://journals.mq.edu.au/index.php/higher_structures/article/view/36
http://www.math.jhu.edu/~eriehl/elements.pdf
https://doi.org/10.1007/BFb0063102

Thank you!



	Outline
	Overview
	Synthetic -categories
	Cocartesian families
	Yoneda Lemma for cocartesian families
	References

